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CHARACTERIZATIONS OF JOHN SPACES
YAXIANG LI, MATTI VUORINEN, AND QINGSHAN ZHOU∗
Abstract. The main purpose of this paper is to study the characterizations of
John spaces. We obtain five equivalent characterizations for length John spaces.
As an application, we establish a dimension-free quasisymmetric invariance of
length John spaces. This result is new also in the case of the Euclidean space.
1. Introduction
This work is mainly motivated by the geometric properties of length John spaces.
For a ≥ 1, a noncomplete metric space (D, d) is called length a-John with center x0
if there is a distinguished point x0 ∈ D such that for every point x ∈ D we can find
an a-carrot arc α joining x and x0. An arc is called a-carrot arc if for all z ∈ α, we
have
ℓ(α[x, z]) ≤ ad(z),
where d(z) = dist(z, ∂D) and ℓ(α[x, z]) denotes the length of the part α with end-
points x and z. The concept of length John spaces is clearly a direct generalization
of the well-known John domains in Euclidean spaces, which was introduced in 1961
by F. John [16] in connection with his work in elasticity. The excellent references
for several characterizations of John disks and John domains see [20] and [14].
By now the class of John domains in Rn and metric John domains in doubling
metric spaces have been extensively studied in connection with quasiconformal anal-
ysis and Poincare´ inequalities (see [4, 11, 12, 14, 15, 17] and the references therein).
In [4], Buckley et al. proved the equivalence of metric John domains and Boman do-
mains in the abstract setting of homogeneous spaces. Moreover, Haj lasz and Koskela
in [11] proved the equivalence of metric John domain with weak John property and
a chain condition in a doubling metric space which shares a local connectivity prop-
erty. The main purpose of this article is to explore the equivalence conditions of
John spaces which are independent of the extra metric and geometric properties.
Our main result is as follows.
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2Theorem 1.1. Suppose that D is a locally (λ, c)-quasiconvex, rectifiably connected,
noncomplete metric space. Let x0 ∈ D. Then the following conditions are quantita-
tively equivalent:
(1) D is length a-John with center x0.
(2) diam(D) ≤ bd(x0) and for every x1 ∈ D, there exists a curve α joining x1
to x0 with
(1.1) ℓk(α[x1, y]) ≤ b1| log
d(y)
d(x1)
|+ b2 for all y ∈ α.
(3) For every x1 ∈ D, we can join x1 to x0 by a curve α such that
ℓk(α[x1, y]) ≤ b,
where either y = x0 if d(x1) ≥
1
2
d(x0) or else y is the first point of α with
d(y) = 2d(x1) < d(x0).
(4) For every x1 ∈ D, we can join x1 to x0 by a curve β such that ℓ(β) ≤
a|x1 − x0| and β is a-carrot.
(5) For any x1 ∈ D, we can join x1 to x0 by a curve α such that α is diameter
a-carrot and satisfies the ϕ-natural condition (2.3).
The constants a, b, b1, b2 (not necessarily the same at each occurrence) and the
function ϕ depend only on each other and the constants c and λ. We note that ℓk(α)
and ℓ(β) denote the quasihyperbolic length of α and the arc length of β respectively,
and their definitions will be defined in Section 2.
A careful reader might find that there is an interesting characterization for length
John spaces. Indeed, (4) in Theorem 1.1 indicates that every point in a length John
space can be joined to the center by a carrot arc which also satisfies a quasiconvexity
condition. Evidently, it is a stronger condition but has a useful feature for length
John spaces in contrast to the definition. This attractive geometric property reminds
the readers of another concept which is known as uniform domains [18, 19] and also
that of uniform spaces which was introduced by Bonk et al. [1]. In a sense, a length
John space can be viewed as a “one-sided” uniform space.
For the last equivalence condition, we mainly investigate the relationship between
length John spaces and diameter John spaces. In Rn, Na¨kki and Va¨isa¨la¨ [20, The-
orem 2.16] proved that these two kinds of domains are equivalent. On the other
hand, Va¨isa¨la¨ [24, Properties 3.13 and 3.18] constructed “a broken tube” in an
infinite-dimensional separable Hilbert space, which is a diameter John domain but
not length John. It is well-known that every domain in Rn is a natural domain, see
[22, Theorem 2.7]. Actually, this result holds in a broader setting, that is, every
domain in a doubling locally quasiconvex rectifiably connected metric space with
nonempty boundary is also natural. This can be shown with a similar argument as
in [25, Corollary 2.18] and a complete proof will be presented in our coming paper.
It is easy to see that a length John space is diameter John. For the converse, we
introduce a natural condition with respect to a distinguished point, for the definition
see section 2. We see that this natural condition together with the diameter John
property are equivalent to the length John property.
3As an application of our main result, we show that a length John space is invariant
under the quasisymmetric mappings. This assertion is also new for John domains
in the Euclidean space.
Theorem 1.2. Suppose f : D → D′ is an η-quasisymmetric homeomorphism
between two locally (λ, c)-quasiconvex, rectifiably connected, noncomplete metric
spaces. If D is a length a-John space with center x0, then D
′ is a length a′-John
space with center x′0 = f(x0), where a
′ depends on λ, c, η and a.
The rest of this paper is organized as follows. In Section 2, we recall some defi-
nitions and preliminary results. Section 3 is devoted to the proofs of Theorems 1.1
and 1.2.
2. Preliminaries
For a metric space (D, d), we write |x − y| := d(x, y) for the distance between x
and y. Throughout this paper, balls and spheres are written as
B(a, r) = {x ∈ D : |x− a| < r}, S(a, r) = {x ∈ D : |x− a| = r}
and
B(a, r) = B(a, r) ∪ S(a, r) = {x ∈ D : |x− a| ≤ r}.
For convenience, given spaces (D, d) and (D′, d′), a map f : D → D′ and points
x, y, z, . . . in D, we always denote by x′, y′, z′, . . . the images in D′ of x, y, z, . . .
under f , respectively. Also, we assume that γ denotes an arc in D and γ′ the image
in D′ of γ under f .
By a curve, we mean a continuous function γ : [a, b]→ D. If γ is an embedding of
I, it is also called an arc. The image set γ(I) of γ is also denoted by γ. The length
of γ is denoted by
ℓ(γ) = sup
n∑
i=1
|γ(ti)− γ(ti−1)|,
where the supremum is taken over all partitions a = t0 < t1 < t2 . . . < tn = b of the
interval [a, b] ⊂ R. A metric space (D, d) is called rectifiably connected if every pair
of points in D can be joined with a curve γ in D with ℓd(γ) <∞.
Suppose γ is a rectifiable curve or a path in a noncomplete metric space (D, d),
its quasihyperbolic length is the number:
ℓk(γ) = ℓkD(γ) =
∫
γ
|dz|
d(z)
.
For each pair of points x, y in D, the quasihyperbolic distance k(x, y) between x
and y is defined in the following way:
k(x, y) = kD(x, y) = inf ℓk(γ),
where the infimum is taken over all rectifiable arcs γ joining x to y in D.
4We recall the following basic estimates for quasihyperbolic distance, first estab-
lished by Gehring and Palka [8, 2.1] (see also [1, (2.3),(2.4)]):
(2.1) k(x, y) ≥ log
(
1 +
|x− y|
min{d(x), d(y)}
)
≥ log |
d(x)
d(y)
|.
In fact, more generally, we have
(2.2) ℓk(γ) ≥ log
(
1 +
ℓ(γ)
min{d(x), d(y)}
)
We next introduce some necessary definitions.
Definition 2.1. Let ϕ : [0,∞) → [0,∞) be an increasing function, but we do not
require that ϕ(0) = 0. We say that a noncomplete metric space (D, d) is ϕ-natural
with respect to x0, if there is a distinguished point x0 ∈ D such that for every x ∈ D,
one can join x to x0 by a curve α satisfying the ϕ-natural condition:
(2.3) diamk(α[x, y]) ≤ ϕ(
diam(α[x, y])
dist(α[x, y], ∂D)
) for all y ∈ α,
where diamk means the diameter under the quasihyperbolic metric.
We note that each domain in the Euclidean space is ϕ-natural (see [22, Theorem
2.7] or [25]). In an infinite dimensional Hilbert space, the broken tube construction
in [24] provides an example of a domain, which is not natural.
Definition 2.2. A homeomorphism f from X to Y is said to be η-quasisymmetric
if there is a homeomorphism η : [0,∞)→ [0,∞) such that
|x− a| ≤ t|x− b| implies |f(x)− f(a)| ≤ η(t)|f(x)− f(b)|
for each t ≥ 0 and for each triple x, a, b of points in X .
Definition 2.3. A rectifiable path γ, with endpoints x, y, is c-quasiconvex, c ≥ 1,
if its length is at most c times the distance between its endpoints; i.e., if γ satisfies
ℓ(γ) ≤ c|x− y|.
Ametric space is c-quasiconvex if each pair of points can be joined by a c-quasiconvex
path. Let c ≥ 1 and 0 < λ ≤ 1
2
. A noncomplete rectifiably connected metric space
(D, d) is said to be locally (λ, c)-quasiconvex, if for all x ∈ D, each pair of points in
B(x, λd(x)) can be joined with a c-quasiconvex path.
Let K be a snowflake curve in the plane with center (0, 0). Let P = (0, 0, 1),
and let G = ∪q∈K [p, q]. We see that G is rectifiably connected but not locally
quasiconvex.
3. Proofs of Theorem 1.1 and Theorem 1.2
We give the proofs of our results by dividing this section into two subsections.
53.1. Proof of Theorem 1.1. We observe from the definition of length John space
that the implication (4) ⇒ (1) is obvious. We shall prove (1) ⇒ (2) ⇒ (3) ⇒ (4)
and (1) ⇒ (5) ⇒ (3). Our proofs mimic those of [6, (3.1) and (3.9)], [14, Page
330–331] and [17, Page 297].
(1)⇒ (2): Pick w ∈ D with
|w − x0| ≥
1
3
diam(D).
Since D is length a-John with center x0, there is a curve γ joining w to x0 with
ℓ(γ) ≤ ad(x0), and such that
diam(D) ≤ 3|w − x0| ≤ 3ℓ(γ) ≤ 3ad(x0),
which implies the first assertion with b = 3a.
Next, fix x1 ∈ D and take a curve α joining x1 to x0 with ℓ(α[x1, y]) ≤ ad(y) for
all y ∈ α. We shall show that α satisfies inequality (1.1). To this end we divide the
proof into two cases.
Case 3.1. α ⊂ B(x1,
1
2
d(x1)).
Then for every y ∈ α, we have
1
2
d(x1) ≤ d(x1)− |x1 − y| ≤ d(y) ≤ d(x1) + |y − x1| ≤
3
2
d(x1).
Thus
ℓk(α[x1, y]) ≤ 2
ℓ(α[x1, y])
d(x1)
≤ 2a
d(y)
d(x1)
≤ 3a,
as desired.
Case 3.2. α is not contained in B(x1,
1
2
d(x1)).
We assume that α[x1, y] is not contained in B(x1,
1
2
d(x1)) (otherwise, by Case 3.1
there is nothing to prove). Then there is some point w ∈ α[x1, y] with
ℓ(α[x1, w]) =
1
2
d(x1).
A similar argument as in Case 3.1 gives that
ℓk(α[x1, w]) ≤ 3a.
Moreover, we have
ℓk(α[w, y]) =
∫
α[w,y]
|dz|
d(z)
≤
∫ ℓ(α[x1,y])
d(x1)/2
ads
s
≤ a log
2ad(y)
d(x1)
.
Therefore, we get
ℓk(α[x1, y]) = ℓk(α[x1, w]) + ℓk(α[w, y]) ≤ a log
d(y)
d(x1)
+ (3 + log 2a)a,
as desired.
(2)⇒ (3): Let x0 ∈ D with diam(D) ≤ bd(x0) for some constant b > 1. Fix
x1 ∈ D and take a curve α joining x1 to x0 satisfying (1.1).
6If d(x1) ≥
1
2
d(x0), then appealing to (1.1) with y = x0, one has
ℓk(α[x1, x0]) ≤ b1| log
d(x1)
d(x0)
|+ b2 ≤ b1 log 2b+ b2,
the last inequality holds because 1
2
d(x0) ≤ d(x1) ≤ diam(D) ≤ bd(x0).
For the case d(x1) <
1
2
d(x0), denote by y the first point of α with d(y) = 2d(x1),
then again by (1.1) one gets
ℓk(α[x1, y]) ≤ b1 log 2 + b2.
(3)⇒ (4): Fix x1 ∈ D. We prove the implication by considering three cases.
Case A. |x1 − x0| ≤
λ
c
d(x0).
Since D is locally (λ, c)-quasiconvex, pick a curve β joining x1 to x0 with
ℓ(β) ≤ c|x1 − x0| ≤ λd(x0),
for all z ∈ β, we have
d(z) ≥ d(x0)− |z − x0| ≥ (1− λ)d(x0),
which implies that
ℓ(β[x1, z]) ≤ ℓ(β) ≤
λ
1− λ
d(z).
Hence β is the required curve in this case.
Case B. |x1 − x0| >
λ
c
d(x0) and d(x1) ≥
1
2
d(x0).
It follows from the assumption that there is a curve α1 joining x1 to x0 satisfing
ℓk(α1[x1, x0]) ≤ b. Moreover, for every w ∈ α1, by (2.1), we have
| log
d(w)
d(x0)
| ≤ k(w, x0) ≤ ℓk(α1[x1, x0]) ≤ b,
and so
e−bd(x0) ≤ d(w) ≤ e
bd(x0).
We claim that α1 is a quasiconvex carrot arc. Indeed, for all w ∈ α1, by (2.2) one
obtains that
ℓ(α1[x1, x0]) ≤ e
ℓk(α1[x1,x0])d(x0) ≤ e
bd(x0) ≤ e
2bd(w)
and
ℓ(α1[x1, x0]) ≤ e
bd(x0) <
ceb
λ
|x1 − x0|,
as needed.
Case C. |x1 − x0| >
λ
c
d(x0) and d(x1) <
1
2
d(x0).
Let n ≥ 1 be the unique integer such that
1
2n
d(x0) < d(x1) ≤
1
2n−1
d(x0).
We shall construct a sequence of points x1, x2, ..., xn, xn+1 = x0 and βi as follows.
Let α1 be a curve connecting x1 to x0 such that (3) holds and let x2 be the first
point of α1 (when traversing α1 from x1 towards x0) with d(x2) = 2d(x1). Denote
β1 = α1[x1, x2]. Then ℓk(β1) ≤ b. Next let α2 be the curve joining x2 to x0 such that
(3) holds. If d(x2) ≥
1
2
d(x0), we stop with n = 2, β2 = α2 and x3 = x0. Otherwise
7we continue the process by letting βi = αi[xi, xi+1] where αi is the curve joining xi
to x0 such that (3) holds, and xi+1 is the first point of αi with d(xi+1) = 2d(xi) .
Since d(xi) = 2
i−1d(x1), we find that the above process stops with i = n, βn = αi
and xn+1 = x0. The above construction is essentially due to Herron [14].
We claim that β =
⋃n
i=1 βi has the required properties. Since ℓk(βi) ≤ b, we first
observe from the choice of xi that for i ∈ {1, . . . , n− 1}, we have
ℓ(βi) ≤ 2bd(xi),
and by (2.2)
ℓ(βn) ≤ e
ℓk(α1[xn,xn+1])d(x0) ≤ 2e
bd(xn).
Let x ∈ β. Then there is some 1 ≤ j ≤ n such that x ∈ βj . Thus we get from (2.1)
that
log
d(xj)
d(x)
≤ k(xj , x) ≤ ℓk(βj) ≤ b, and so d(xj) ≤ e
bd(x).
Therefore, we obtain that
ℓ(β[x1, x]) ≤
j∑
i=1
ℓ(βj) ≤ 2e
b
j∑
i=1
d(xi) ≤ 4e
bd(xj) ≤ 4e
2bd(x).
On the other hand, since |x1 − x0| >
λ
c
d(x0), we get
ℓ(β) ≤ 4e2bd(x0) <
4c
λ
e2b|x1 − x0|.
Hence, the implication (3)⇒ (4) follows.
(1)⇒ (5): Fix x1 ∈ D. It then there follows from the preceding proof for the
implication (1)⇒ (2) that there is a length carrot curve α joining x1 and x0 sat-
isfying (1.1). Evidently, every length carrot arc is diameter carrot, it suffices to
show that α satisfies the ϕ-natural condition (2.3) for some increasing function
ϕ : [0,∞)→ [0,∞).
This can be seen as follows. For all y ∈ α, one computes by (2.1) that
diamk(α[x1, y]) ≤ ℓk(α[x1, y]) ≤ b1| log
d(y)
d(x1)
|+ b2
≤ b1 log(1 +
|x1 − y|
d(x1)
) + b2
≤ b1 log(1 +
diam(α[x1, y])
dist(α[x1, y], ∂D)
) + b2.
So we immediately see that α satisfies the ϕ-natural condition (2.3) with ϕ(t) =
b1 log(1 + t) + b2.
(5)⇒ (3): Fix x1 ∈ D. Pick a diameter a-carrot curve α connecting x1 to
x0 which satisfies the ϕ-natural condition (2.3) for some increasing function ϕ :
[0,∞)→ [0,∞).
Then for all y ∈ α,
d(x1) ≤ d(y) + |x1 − y| ≤ (1 + a)d(y),
8which implies that
dist(α, ∂D) ≥
1
1 + a
d(x1).
If d(x1) ≥
1
2
d(x0), then we have
k(x1, x0) ≤ diamk(α[x1, x0]) ≤ ϕ
(
diam(α[x1, x0])
dist(α, ∂D)
)
≤ ϕ
(
a(1 + a)
d(x0)
d(x1)
)
≤ ϕ(2a(1 + a)) := b.
Pick a curve α˜ joining x1 to x0 with ℓk(α˜[x1, x0]) ≤ 2k(x1, x0). Thus ℓk(α˜[x1, x0]) ≤
2b and α˜ is the desired curve in this case.
If d(x1) <
1
2
d(x0), then let y0 ∈ α be the first point of α with d(y0) = 2d(x1) <
d(x0). By a similar argument as above for the sub-curve α[x1, y0], we obtain that
k(x1, y0) ≤ b. Then take a curve β joining x1 to y0 with ℓk(β[x1, y0]) ≤ 2k(x1, y0).
Thus α̂ = β[x1, y0] ∪ α[y0, x0] is the required curve.
Hence the proof of this theorem is complete. 
Corollary 3.1. Let D ( Rn be a length a-John domain with center x0. Then for
any x ∈ D, we can join x to x0 by an arc β such that ℓ(β) ≤ c|x − x0| and β is
c-carrot with c depending only on a.
3.2. Proof of Theorem 1.2. Assume first that D is a length a-John space with
center x0. Fix x
′ ∈ D′, by virtue of Theorem 1.1, we can join x = f−1(x′) and x0
by a curve α such that α is diameter a-carrot and satisfies the ϕ-natural condition
(2.3) for some increasing function ϕ : [0,∞) → [0,∞) with ϕ depending only on
the hypotheses. According to [21, Theorems 2.2 and 2.25], we may assume that the
extension map f : D → D′ is also η-quasisymmetric and its inverse map f−1 is η′-
quasisymmetric with η′(t) = η−1(t−1)−1. To conclude that D′ is a length John space,
again by Theorem 1.1, we only need to show that α′ = f(α) is diameter a′-carrot
and satisfies ϕ′-natural condition for some increasing function ϕ′ : [0,∞) → [0,∞)
with a′ and ϕ′ depending only on the hypotheses.
We next verify the first condition in the following claim.
Claim 3.1. α′ is a diameter a′-carrot arc with a′ = 2η(a).
Let z′ ∈ α′ and ε > 0. We choose a point z′0 ∈ ∂D
′ such that |z′−z′0| ≤ (1+ε)d(z
′).
Then for every y ∈ α[x, z] we compute
|y′ − z′|
|z′0 − z
′|
≤ η
(
|y − z|
|z0 − z|
)
≤ η
(
diam(α[x, z])
d(z)
)
≤ η(a).(3.1)
Let w′ ∈ α′[x′, z′] be a point such that
diam(α′[x′, z′]) ≤ 2|z′ − w′|.
Then by (3.1), we have
diam(α′[x′, z′]) ≤ 2η(a)|z′ − z′0| ≤ 2(1 + ε)η(a)d(z
′).
Letting ε→ 0, we obtain that α′ is a diameter a′-carrot curve a′ = 2η(a). Hence we
are done.
9For the second condition, we begin with two useful claims. The first one discusses
the distortion of relative distance of connected sets under quasisymmetric mapping.
Claim 3.2. For every connected set A′ ⊂ D′ with dist(A′, ∂D′) > 0, we have
diam(A)
dist(A, ∂D)
≤ 6η′
(
diam(A′)
dist(A′, ∂D′)
)
where A = f−1(A′).
Take x1 ∈ A and u ∈ ∂D be points such that |x1−u| ≤ 2dist(A, ∂D). Pick another
point x2 ∈ A such that diam(A) ≤ 3|x1 − x2|. Since f
−1 is η′-quasisymmetric, we
compute
diam(A)
dist(A, ∂D)
≤ 6
|x1 − x2|
|x1 − u|
≤ 6η′
(
|x′1 − x
′
2|
|x′1 − u
′|
)
≤ 6η′
(
diam(A′)
dist(A′, ∂D′)
)
,
as desired.
The next claim is related to the coarse distortion of quasihyperbolic distances un-
der quasisymmetric mapping between two locally quasiconvex rectifiably connected
noncomplete metric spaces.
Claim 3.3. There are positive numbers c1 and c2, depending only on the hypotheses,
such that k′(u′1, u
′
2) ≤ c1k(u1, u2) + c2 for all u1, u2 ∈ D.
Thanks to [23, Lemma 2.3], we only need to estimate k′(u′1, u
′
2) when k(u1, u2) ≤ t0
with t0 satisfying 2η(e
t0 − 1) = λ
2c
, because (D, k) is a length space and evidently it
is 2-quasiconvex. Take v′1 ∈ ∂D
′ with |u′1 − v
′
1| ≤ 2d(u
′
1). Since
|u1 − u2| ≤
(
ek(u1,u2) − 1
)
d(u1) ≤ (e
t0 − 1)d(u1),
we get
|u′1 − u
′
2|
d(u′1)
≤ 2
|u′1 − u
′
2|
|u′1 − v
′
1|
≤ 2η
(
|u1 − u2|
|u1 − v1|
)
≤ 2η
(
|u1 − u2|
d(u1)
)
≤ 2η(et0 − 1) =
λ
2c
.
Moreover, since D′ is locally (λ, c)-quasiconvex, there is a curve β ′ joining u′1 and
u′2 with
ℓ(β ′) ≤ c|u′1 − u
′
2| ≤
λ
2
d(u′1).
Thus for every w′ ∈ β ′,
d(w′) ≥ d(u′1)− |u
′
1 − w
′| ≥ (1−
λ
2
)d(u′1),
which implies
k′(u′1, u
′
2) ≤
∫
β′
|dw′|
d(w′)
≤
ℓ(β ′)
(1− λ
2
)d(u′1)
≤
λ
2− λ
.
This desired inequality completes the proof of this claim.
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Now we are in a position to show that α′ satisfies the ϕ′-natural condition (2.3).
Indeed, it follows from Claims 3.2 and 3.3 that for each y′ ∈ α′,
diamk′(α
′[x′, y′]) ≤ c1diamk(α[x, y]) + c2
≤ c1ϕ
(
diam(α[x, y])
dist(α[x, y], ∂D)
)
+ c2
≤ c1ϕ
(
6η′
(
diam(α′[x′, y′])
dist(α′[x′, y′], ∂D′)
))
+ c2.
Taking ϕ′(t) = c1ϕ(6η
′(t)) + c2, the proof of this theorem is complete. 
Corollary 3.2. Let D ( Rn be a length a-John domain with center x0. If f :
D → D′ ⊂ Rn is an η-quasisymmetric homeomorphism, then D′ is a length a′-John
domain with center x′0 where a
′ depends only on a and η.
Remark 3.1. We remark that in [20, Theorem 3.5], Na¨kki and Va¨isa¨la¨ proved that
distance (or diameter) John spaces are preserved under quasisymmetric homeomor-
phisms, and they also showed that in Rn a distance (or diameter) c-John domain is
a length c1-John domain with c1 depending on c and n. These observations imply
that length John domains in Rn are preserved under quasisymmetric homeomor-
phisms with the constant depending on the space dimension n. As mentioned in
the introduction after Theorem 1.1 that in general spaces, a distance (or diame-
ter) John space need not be a length John space. So it is natural to ask whether
length John spaces are preserved under quasisymmetric homeomorphisms or not.
In fact, Theorem 1.2 give an affirmative answer to this question. Moreover, Corol-
lary 3.2 shows that length John domains in Rn are preserved under quasisymmetric
homeomorphisms with a dimension-free control function.
Acknowledgement. The authors would like to thank the referee who has made
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